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Abstract 

We consider stochastic integration with respect to fractional Brownian motion (fBm) with H < 
1/2. The integral is constructed as the limit, where it exists, of a sequence of Riemann sums. A 
theorem by Gradinaru, Nourdin, Russo & Vallois (2005) holds that a sequence of Simpson's rule 
Riemann sums converges in probability for a sufficiently smooth integrand / and when the stochastic 
fy/ process is fBm with H > 1/10. For the case H = 1/10, we prove that the sequence of sums converges 

in distribution. Consequently, we have an Ito-like formula for the resulting stochastic integral. The 
convergence in distribution follows from a Malliavin calculus theorem that first appeared in Nourdin 
and Nualart (2010). 



1 Introduction 



Let B = {Bf, t > 0} be a fractional Brownian motion (fBm), that is, B is a centered Gaussian process 
with covariance given by 

CM- 

Iff [D nl-D^^- 1 l„2H , ,2H i. n \2H 



[B.B t ] := R(s, t) = - ( S '» + ?» -\t- s\ ZH ) , (1) 

for s,t > 0, where H g (0, 1) is the Hurst parameter. For a smooth function / : R — > R, we take the 
'Simpson's rule' Riemann sum with uniform partition, 

[ntj-l 

S n(t):= J2 6( / ' (B i )+4/ '( (jB i +5 4 l)/2 ) +/,(jB 4 l) )( jB ^ 1_ ^ 

3=0 

It can be shown (see [3], or Section 3.1) that this sequence of sums converges in probability when B is 
fBm with H > 1/10, but in general it does not converge in probability when H < 1/10. In this paper, 
we consider the particular case of H — 1/10, and show that S„ (£) does converge weakly to a random 
variable. More precisely, Theorem 3.3 shows that, conditioned on the path {B s , s < £}, 

SS(t) A f(B t ) /(0) +JLJ*fW(B a )dW a , (2) 

where Wt is a standard Brownian motion, independent of B, and /3 is a constant defined in Theorem 
3.3. This result allows us to write the change-of-variable formula 



f(B t ) ^ /(0) + jT f'(B s )d s B s - JL j* f(V(B s )dW s 



(3) 
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where the differential d s B s denotes the limit of the Simpson's rule sum. 

Conditional convergence in distribution follows from a central limit theorem given in Section 2 
(Theorem 2.3). This is a new version of a theorem that first appeared in Nourdin and Nualart (2010) 
[BJ. This theorem uses Malliavin calculus, and applies to a random vector with components in the form 
of Malliavin divergence integrals. After proving Theorem 2.3, the main task in proving Q is to verify 
the conditions of Theorem 2.3, which are relatively long and technical. 

1.1 Background. 

Assuming a uniform partition, the classical Stratonovich stochastic integral is defined as 

,t L"*J-i -, 

/ f(B s )d°B s = lim 5£(t) := Urn V - (f'(B £ ) + /'(Bi±i)) (Bj±i - Bj) , (4) 

J0 3=0 

provided that limit exists. It has been shown that this limit exists in probability when B is a fBm with 
H > 1/6 , but does not, in general converge in probability for H < 1/6 (see [2J[3j|8], also Section 3.1). 
Subsequently, it was proved in [5] that for H = 1/6, ([U does converge in law to a random variable that 
includes a Wiener-Ito integral, that is, as n — >• oo 



<£(*)A/(B t )-/(0)+ 7 / / (3) (B s )d^ s , 

Jo 



where 7 is a known constant and W is a standard Brownian motion, independent of B. Hence, there is 
the change-of-variable formula 



f(B t ) k /(0) + / f'(B s )d°B s - 7 / /^(fi.) <*W.. 

Jo Jo 



(5) 



The reader will recognize that (|4|) is the Riemann sum corresponding to the 'Trapezoidal rule' of 
basic calculus. It is certainly possible to generalize to other types of Riemann sums. The 'Midpoint' 
sum, 

m , 

/ f (B 23-1 ) ( B-ij_ — B ij-i J , 

j=i 

can be shown to converge in probability for fBm with H > 1/4 (see QT]). The end point case H = 1/4 
was considered in papers by Burdzy and Swanson Q], and Nourdin and Reveillac [7]. These papers 
proved the change-of-variable formula 

f(B t ) =. /(0) + / f'(B s )d*B s + 9 f f"(B s )dW s , (6) 

Jo Jo 

where 6 is a constant, W 7 is a scaled Brownian motion, independent of B, and the notation d*B s denotes 
the integral arising from the midpoint sum. 

1.2 Extensions. 

Following the results ([S]) and ©, the present authors also wrote papers on the cases H — 1/4 and 
H = 1/6 [4j [5]. These papers contained alternate proofs of ([BJ and (J5)), using Malliavin calculus 
and a version of Theorem 2.3. An interesting difference in the present paper, is that the sum 5„(i) 
converges conditionally to a random variable that is actually the sum of two, independent Gaussian 
random variables. In the cases considered in [H[S], there was only a single random term. In those 
prior papers, we also showed that the results could be extended to other Gaussian processes sufficiently 



similar to ffim, for example, bifractional Brownian motion with HK = 1/6 in the case of (JS|). It was 
also shown that the Midpoint and Trapezoidal Riemann sums converge as functions in the Skorohod 
space D[0,oo), by proving that the sums converge in the sense of finite-dimensional distributions. We 
expect that similar extensions could be applied to the present Theorem 3.3, but we have not pursued 
this in the present paper. 

We also expect that the techniques of this paper could be applied to the 'Milne's rule' sum for the 
case H = 1/14, see Proposition 3.1. 

The organization of this paper is as follows: in Section 2, we give a brief description of the Malliavin 
calculus definitions and identities that will be used. We also discuss properties of fBm, and prove the 
central limit theorem which will be applied for the main result. In Section 3, after a brief introduction 
we state and prove the main result, which is Theorem 3.3. Finally, Section 4 contains proofs of three 
of the longer lemmas from Section 3. 

2 Notation and Theory 

Let / : K -> 1 be a function and TV be a Gaussian random variable with mean zero and variance a 2 . 
We say that / satisfies moderate growth conditions if there exist constants A,B, and a < 2 such that 
1/0)1 < Ae B W. Note that this implies E[|/(iV)| p ] < oo for all p > 1. We use the symbol 1 [M to 
denote the indicator function for a real interval [0, i\. The symbol C denotes a generic positive constant, 
which may vary from line to line. In general, the value of C will depend on and the growth conditions 
of a test function / and the properties of a stochastic process B. 

2.1 Elements of Malliavin Calculus. 

Following is a brief description of some identities that will be used in the paper. The reader may refer 
to [9] for detailed coverage of this topic. Let Z = {Z(h), h £ Tt} be an isonormal Gaussian process on 
a probability space (Q, J 7 , P), and indexed by a real separable Hilbert space T-L. That is, Z is a family 
of Gaussian random variables such that E[Z(/i)] = and E \Z(h)Z(g)] — (h,g) n for all h,g £ Tt. We 
will assume that T is the a— algebra generated by Z. 

For integers q > 1, let Ti® q denote the q th tensor product of T-L, and T-L &q denote the subspace 
of symmetric elements of Ti® q . We will also use the notation (££)£ =1 hi to denote an arbitrary tensor 
product, with the convention that (^) i=1 is the empty set. 

Let {e n ,n > 1} be a complete orthormal system in T-L. For functions f,g£ H Qq and p £ {0, . . . , q}, 
we define the p th -order contraction of / and g as that element of "H® 2 ^ - ? 3 ) given by 

oo 

f® P 9= Yl (fi^i®---®^ P ) H ®p®(9^n®---®ei P ) H ® P (7) 



where f ®q g — f ® g and f ® q g = (/, g)-u®<> ■ While /, g are symmetric, the contraction f ® q g may 
not be. We denote its symmetrization by f® q g. 

random variables {H q (Z(h)), h £ W, \\h\\u — 1}, where H q {x) is the q th Hermite polynomial, defined as 



Let T-l q be the q th Wiener chaos of Z, that is, the closed linear subspace of L 2 (Q) generated by the 



,2 d q ^ 

and we follow the convention of Hermite polynomials with unity as a leading coefficient. For q > 1, it 
is known that the map 

I q (h® q ) = H q (Z(h)) (8) 



provides a linear isometry between T-L Qq (equipped with the modified norm -\/ql\\ ■ ||-h®0 and W q , where 
Iq(-) is the generalized Wiener-Ito multiple stochastic integral. By convention, Ho = R and Io(x) = x. 
It follows from © and the properties of the Hermite polynomials that for / G H 0p , g G H Qq we have 

I otherwise 

Let S be the set of all smooth and cylindrical random variables of the form F — g(Z(4>i), . . . , Z(cf> n )), 
where n > 1; g : R™ — > R is an infinitely differentiable function with compact support, and <f>i G H.. 
The Malliavin derivative of F with respect to Z is the element of L 2 (Q,;Ti) defined as 

n f) 

i—1 

By iteration, for any integer q > 1 we can define the q th derivative D q F, which is an element of 
L 2 {tt-U Q i). 

We let B 9 ' 2 denote the closure of S with respect to the norm || • ||nj«,2 defined as 



I^IId^ = e[^ 2 ]+E e [II^1M 



More generally, for any Hilbert space V, let D fe,p (y) denote the corresponding Sobolev space of 
V— valued random variables. 

We denote by 5 the Skorohod integral, which is defined as the adjoint of the operator D. A random 
element u G L 2 (fl; H) belongs to the domain of 5, Dom 5, if and only if, 

\E[(DF,u) n }\<c u \\F\\ LHn) 

for any F G D 1,2 , where c u is a constant which depends only on u. If u G Dom 5, then the random 
variable S(u) G L 2 (tt) is defined for all F G B 1,2 by the duality relationship, 

E[FS{u)} =E[(DF,u) H }. 

This is sometimes called the Malliavin integration by parts formula. We iteratively define the multiple 
Skorohod integral for q > 1 as 5(5 q ~ 1 (u)), with 8°(u) — u. For this definition we have, 

E [F5 q (u)} = E [(D q F, u) H9q ] , (10) 

where u G Dom 8 q and F G B 9 ' 2 . The adjoint operator S q is an integral in the sense that for a 
(non-random) h G H &q , we have 5 q (h) — I q (h). 

The following results will be used extensively in this paper. The reader may refer to [6] and [9] for 
proofs and details. 

Lemma 2.1. Let q > 1 be an integer, and r,j, k > be integers. 

(a) Assume F G W' 2 , u is a symmetric element of Dom S q , and (D r F, S j (u)) n % r G L 2 (f2; H® q ~ r ~ j ) 
for all < r + j < q. Then {D r F, u)^ 8r G Dom S r and 



i 



F8"(u) = J2r)6"- r ({D r F,u) 



r=0 ' ' 



(b) Suppose that u is a symmetric element of IP + > 2 ('H®-') . Then we have, 

j/\k 



DH^u)=Y^\Q^- i {D^u) 



(c) Meyer Inequality: Let p > 1 and integers k > q > 1. Then for any u 6 O k ' p (H® q ), 

IIWUd*-.,, < c k , p \\u\\ oklP (H"), 
where Ck. p is a constant. 

(d) Let u G n Qp and v € H Qq . Then 

pAq 



S p {u)6 q (v) = J2 zl ( P ) I 9 ) SP+q ~ 2z ( u ®z v )> 



where (£> z is the contraction operator defined in ([7]). 

2.2 A convergence theorem. 

Definition 2.2. Assume F n is a sequence of d— dimensional random variables defined on a probability 
space (ft, F, P), and F is a d— dimensional random variable defined on (ft, Q, P), where T C Q. We say 
that F n converges stably to F as n — > oo, if, for any continuous and bounded function / : W l — > M and 
R-valued, J 7 — measurable random variable M, we have 

lim E(f(F n )M)=E(f(F)M). 

n—^oo 

The first version of the following central limit theorem appeared in [B] . In [3] , we extended this to 
a multi-dimensional version, where the sequence was a vector of d components all in the same Wiener 
chaos. For our present paper, we need a slight modification. In this version, we lay out conditions for 
stable convergence of a sequence of vectors, where the vector components are not necessarily in the 
same Wiener chaos. 

Theorem 2.3. Let d > I be an integer, and qi, . . . , qd be positive integers with q* — max{gi, . . . , qd\. 
Suppose that F n is a sequence of random variables in R of the form F n — y5 qi (u„), . . . , S qd (u„)j , where 
each u\ is a M.~valued symmetric function in D 2? > 2 9*(%®9*). Suppose that the sequence F n is bounded 
in L x (n) and that: 

(a) {u : * n ,(£)™ =1 (D at F-> l l ) £g) h) n<aq converges to zero in L^fi) for all integers 1 < j,je < d, all integers 
1 < Oi, . . . , a m , r < qj — 1 such that Oi + • • • + CLm + r = Q j ! & n d a ^ h G %® r '. 

(b) For each 1 < i,j < d, (u l n , P> qi F^ %qi converges in L 1 (i7) to a nonnegative random variable s\, 
and for i ^ j, (u % n , D qi Ffy mi converges to zero in L 1 (51). 

Then F n converges stably to a random, vector in M. d , whose components each have independent Gaussian 
law jV(0, sf ) given Z. 

Proof. This proof mostly follows that given in [1] , except in that case there was only a single value of 
q. We use the conditional characteristic function. Given any hi,.. . h m € H, we want to show that the 
sequence 

i n = {Fl...,FtZ{h 1 ),...,Z{h m )) 



converges in distribution to a vector (F^, . . . F^, Z(hi), . . . , Z(h m )), where, for any vector A € R d , i^oo 
satisfies 

E(e o:rF -\Z(hi),...,Z(h m j) = exp(~\ T S\Y (ff) 

where S is the diagonal d x d matrix with entries sf . 

Since F n is bounded in L 1 (fi), the sequence £ n is tight in the sense that for any e > 0, there is a -ftT > 
such that P [F n 6 [-K, K] d ^j > 1 — e, which follows from Chebyshev inequality. Dropping to a subse- 
quence if necessary, we may assume that £„ converges in distribution to a limit (F 1 -,, . . . F^,Z(hi), . . . Z(h m )) ■ 

Let Y ■-g(Z(hi),...,Z(h m )), where g e C 6 °°(R m ), and consider n (A) = <£(A,£ n ) := E (e ixT Fn Y) for 
Agf 1 . The convergence in law of £„ implies that for each 1 < j < d: 

lira ^ = lim iE (f^^y) = ^E (f^ f "Y\ , (12) 



where convergence in distribution follows from a truncation argument applied to F£. 

On the other hand, using the duality property of the Skorohod integral and the Malliavin derivative: 



A T F„y 



|^i = iE (> «)e iATF "y) = zE ((<, D* (V 



a=0 x 7 

i\ T F n \ | V^ Ilj\w/„,j nai\ T F, 



i\E(ui,YD*e* F ») + J2 r)E(K,D^ F » ® D«-Y) (13) 



By condition (a), we have that (vP n ,D a e bX Fn ® -D 9i a F) converges to zero in L 1 (J7) when 

a < qj, so the sum term vanishes as n — > oo , and this leaves 

n-^-oo \ / T^^'j n— >-oo ^ — ' \ x / rt J / 

= -E(A je jATF - Sj 2 r) 

because the lower-order derivatives in D qi e Fn also vanish by condition (a), and cross terms (j ^ k) 
terms vanish by condition (b). Combining this with (|12[) . we obtain: 



iE(F^e lX - F ^Y) = -\ 3 E{e lX - F ™s]Y) 



This leads to the PDE system 
8 



d\ 3 



E (e lATF - \Z(hi), ..., Z(h m )) = -Xjs*E (e' iATF - \Z(hi), ..., Z(h m )) 



which has unique solution (|11[) . D 

Remark 2.4. It sufhees to impose condition (a) for h € So, where So is a total subset of T-L® r . 

Remark 2.5. Suppose F n is the vector sequence (F n ,G n ), where F n — S p (u n ) and G n = 5 q (y n ). Then 
to satisfy Theorem 2.3, F n and G„ must be bounded in L 1 (i7), and the following terms must tend to 
zero in L 1 (il): 



1. {u n ,h) H9p and (v n ,g)- H e> q , for arbitrary h G "H®p and g € T-L (g " 1 , respectively. 

2- (u n ,<g>Ui Da ' F n® r l =s+i Da ' G n®h), H<Sp7 where < a t < p, a x + ■■■ + a r < p, and h G 
n ®P-(a 1+ -+a r ). and ^ 0« =i ^a s ^ ®^ +1 # Q <G„) w8p , where < a, < p and oi+- ■ -+a r = p. 

3. (v n ,® s i= i DaiF n®l= s+ i D a *G n ® /i) w0 ,, where < a, < g, a x + •■■ + a r < q, and ft G 
W ®«-(a,+...+a r ). and (u„,®^ =1J D *F n ®[ =s+1J D *G n > wgg , where < a, < g and ai + - • -+a r = g. 

4. (u n ,D p G n ) ne>p and (v n ,D q F n ) n ® g . 

Then for condition (b), the following two terms must converge in L 1 (f2) to nonnegative random variables: 
\ u mD p F n )^ <Sv and (t) n ,D'& n )^ g ,. 



2.3 Fractional Brownian motion. 

For some T > 0, let B — {B^,0 < t < T} be a fractional Brownian motion with Hurst parameter H. 
That is, 5 is a centered Gaussian process with covariance R(s,t) given in ([1]). Let £ denote the set of 
R- valued step functions on [0, T], We then let fy be the Hilbert space defined as the closure of £ with 
respect to the inner product 

{l[Q, s }A[<},t}) % = R{s,t). 

The mapping l[o,t] '— ► B t can be extended to a linear isometry between f) and the Gaussian space 
spanned by B. In this way, {B(h), h € .f)} is an isonormal Gaussian process as in Section 2.1. 

For an integer n > 2, we consider a uniform partition of [0,oo) given by {j/n,j > 1}. Define the 
following notation: 



i =i(-Bi+Bi±i) 



• AB 2 = Bj+i - B ± , and Si = ± (B ± + Bj+i 

* d± = l[i_i±ij, Si = l[o,t]i an d e i = 2 ( 1 [0.i] + 1 [o,i± i ] 
Assume i? < 1/2. The following fBm properties follow from (JTJ) - 



hdi 



(B.l) 
(B.2) 



AB\ 
AB, AB 1+ 



= ( d± , dj_ ) _ = n 



-2H 



= (di,di±i) = {2 2H -2)/2n 2H . 



(B.3) If|fe-i|>2, 



E 



ABj_AB k 



not depend on j. 
(B.4) For each j > 0, sup te r 0]T i 



(dj_,dk) < Cn 2H \j — k\ 2H 2 , where the constant C does 



E 



AB.B, 



(B.5) For any t € [0,T] and integer j > 1, 



E 



< 2n- 2H 
AB ± B t 



In particular, if \k — j\ > 2, 



E 



ABjBi 



dj_,e± 



di_,e t ) I < Cn- 2H (j 2H - 1 + \j - nt\ 2H - 1 ). 
< n~ 2H (j 2 "- 1 + \j - k\ 2H - x ). 



As a result of properties (B.l) - (B.5), we have the following technical results. 
Lemma 2.6. Let H < 1/2 and < t < T , and let n > 2 be an integer. Then 
(a) For fixed < s < T and integer r > 1 , 



[ntj— 1 



< Cn- 2ir -^ H . 



(b) For integer r > 1 , 



\nt\-l 



3=0 



(c) For integers r > 1 and < k < \nt\ , 



[ntj-l 



i=o 



and consequently 



[ritj-l 

£} l/di^iV < C[nt\n- 2rH . 



j,k=0 



Proof. For (a), first note that we have (9o,£t).$J < T n by (B.l) and Cauchy-Schwarz. Further, if 



\3- — si < — , then by (B.4) we have 



dj_ , e { 



< Cn~ 2H . Let J = {1 < j < \nt\,\j - ns\ > 1}; and 



note that \J C \ < 2. Then for the case r = i we have 



[ll/J-l 

3=0 


'J5 


= |(<5o,£ t )f,| + J2 \( d i' £s )c, + Z (%' £s ) y 




|nt|— 1 




<T H n- H + Cn- 2H + Cn- 2H £ j 2 "" 1 + |j - 

-. — I 






<CLntJ 2H n- 2H <C. 



■;?,s 



2H-1 



For the case r > 1, we have by (B.4) 



L»'J-! 

3=0 



< sup 

0<3<L™*J 



9j , £< 



[ntj— 1 

V \(d 3 ,e s ) <Cn- 2 ^-^ H . 



For (b), we have by (B.4) and <jTJ) 



|ntj— 1 
3=0 



< sup 

0<j<[nt] 



d±,£± 



\nt\-l 



r-1 



LntJ-1 



3=0 



< Cn -2(r-i)H J- ^\e[aBj,(Bj.+B^) 



3=0 
[ntj — 1 



E 



^ 2 

3=0 

LntJ-1 
= c 2(r-l)H V- 1 

^ 2 

3=0 



rSi+i — is j 



. , * \ 1H / . \ 2H' 



For (c), we note that (dj/ n ,do) = (9j/ n ,£i/ n )« < n 2H . Also note that by (B.l) and Cauchy- 

Schwarz we have (dj/ n ,dj./ n \ < n~ 2H for any 1 < j, k < [nt\. To begin the proof, we consider the 
case when 1 < k < \nt\ — 1 is fixed. Then 

|nt|— 1 



[nt\-l 
J=0 



< sup < sup 

0<j<L"tJ lo<fc<|n*J 



/dj_,<9fc\ > E \\d±,dk_ 



j=o 



fc-2 



3 = 1 



fc+1 



[ntj-l 

^ l\ » »/« ^ l\ » »/J5 

3=fc-i i=fc+2 



Then we use (B.2) and (B.3) to write 

fc-2 fc+1 



3=1 " j=fc-l 

V 3=1 



[riij-l 
3=fc+2 



fc+1 
2H - 2 + E n- 2H 

3=fc-l 



[ntj-l 

Cn- 2ff £ Ci - *) 

3=fc+2 



2H-2 



< C7rT 2rH 4 + 2^ m 2ff - 2 < Cn- 2rH , 



where we note the sum is finite because H < 1/2. For the double sum result we have 



[ntj— 1 L™*J-1 (|™*J-1 



-2rfl 



D 



3 Results 

3.1 Some results for fBm with H > 1/14. 

The following proposition summarizes some known results about stochastic integrals with respect to 
fBm, when the integrals arise from a Riemann sum construction. A comprehensive treatment can be 
found in an important paper by Gradinaru, Nourdin, Russo & Vallois 3 . 

Proposition 3.1. Let g G C°°(K), such that g and its derivatives have moderate growth. The following 
Riemann sums converge in probability asn->oo to g(B t ) — g(0) for the given ranges of H: 

(a) Midpoint rule: for 1/6 < H < 1/2, 



[ntj-l 

E 

3=0 



g'(Bi)AB ± 



where B L = \ [b L + Bj+A. 

(b) Trapezoidal rule: For 1/6 < H < 1/2, 

[ntj-l 



E \(g'{B i )+g'{B 1 ^))AB i 



3=0 



10 



(c) Simpson's rule: For 1/10 < H < 1/2, 

[ntj-l 



4g'(B i ) + g'(S 2±i ) )AB 



(d) Milne's rule: For 1/14 < H < 1/2, 

\nt\-l . 

E on ( V(^i) + 32.g'(B i + -A£ x 



j=o 



90 



12g'(Bj_) + 32g'(Bj_ + ^AS^) + 7g'(Bj^_) ) ABj_ 



Note that the 'midpoint' sum of part (a) is a different construction than that leading to ([6]). All of 
these results follow from Theorem 4.4 of [3J, in fact they are also proved there for H > 1/2. However, 
here we give a different proof of part (c). By similar techniques, results (a), (b) and (d) could also be 
done in this way. This proof will contain some results that will be used in Section 3.2, and help set up 
the proof of Theorem 3.3. We begin with a technical result. The proof of Lemma 3.2 is deferred to 
Section 4 due to length. 

Lemma 3.2. Let r = 1,3,5,... and n > 2 be an integer. Let : R — > K &e a C 2r function such 
that <f> and all derivatives up to order 2r have moderate growth, and let {B t ,t > 0} be fBm with Hurst 
parameter H . Then for each r, there is a constant C > such that 



E 



3=0 



< C sup 

0<J<|niJ 



i.) 



\nt\n 



-2rH 



where C depends on r and H . 



Now for the convergence of the Simpson's rule sum. We begin with some elementary results from 
the calculus of deterministic functions. For x, h € K and a C°° function g, we have the following integral 
form for the Simpson's rule sum: 



g(x + h) — g(x — h) 



g'(x + u) du 



= ~(9'(x-h) + 4g'(x)+g'(x + h)) + ±J (g W (x - u) - g^ (x + «)) u{h-ufdu. 

See Talman j!2j for a nice discussion of the Simpson's rule error term. Next, we consider a Taylor 
expansion of order 7 for g^: 



gW(x + u)-gW(x)=J2 



,(*+<) 



(,:) 



7 (n) 



u* + 



(0..7 



6 



7! 



u : and 



(4),, (4), x V HTV^W, j|%) 7 



7! 



Adding the above equations, we obtain 

g ( >{x + u) -g (l {x-u) = 2^ (o„-\)\ + ' 



y— 1 v 



7! 
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It follows that we can write 



g(x + h)- g(x -h) = - {g'(x -h) + 4g'(x) + g'(x + h)) - - E 



1^5 (X) / u 2v {h _ u) 2 du 



3 ^-f (2i/ - 1) 



g (ii)( g)+g (ii) (7?) /■/• 
(6)(7!) io 



u 8 (/i - u) 2 du 



| («/(* - h) + 4g'(x) + g'(x + h)) ^h 5 - A 7 g^(x)h 7 A 9 g^(x)h 9 



1 



6(7!) Jo 



g {11) {0+g (11) (?l)}u 8 (h-u) 2 du 



(*) 



where A7, Ag are positive constants, and £ = £(w) G [a; — h, x + /i] , with similar for r\. With this relation, 
we now return to Proposition 3. I.e. We begin with the telescoping series, 

\nt\-\ 

g(B t ) - 5 (0) = J2 ( fl (Bi±i) - g(Bj_)) + (g{B t ) - g(B^)) 
3=0 

= ^ / g'(u)du+ (g{B t )-g{B^)). 

By continuity, the term (<?(B t ) — g(B^ nt ^ n )) tends to zero uniformly on compacts in probability (ucp) 
as n — > 00, and may be neglected. For each integral term, we use (*) with x — Bj/ n and h = ^ABj/ n 
to obtain 

L«*J-i ,b 0+1)/b L«*J-i _ 1 L"*J-i 

E / ff '(«)d«= X) g^'^^ + V^^ + g'^^))-^— ^ ^(B^AB* 

[ntj-l L™*J-! 

A 7 E ^(Bi)ABl-A, E 9 {9 \B^B\ 

3=0 



3=0 



1 L"*J^l r AB 3/ 



■--1 - f^fj/n , N 

E y (ff (11) (0+5 (11) (»?))« 8 (ABi-«) 2 d«. (14) 



6 ( 7! ) ^0 -A. 



By Lemma 3.2, the terms 



E %^AB|, A 7 E 5 (7) (B,)Ai?|, A 9 £ fl W(Bi)ABj 
all tend to zero in i 2 (il) asn-> 00. For the last term, we have the L 2 (Vt) estimate 

'\nt\-\ r AB 4 



E 



3=0 



E / S (11) (0 + <7 (n) fo) u 8 (AB ± -ufdu 



< C E 



sup |</ n >(B s ) 4 | 
se[o,t] 



5 /LntJ-l 

E IIAM 1 !!^) <C[nt\ 2 n-^ H <Cn- 2H , 



3=0 
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because ||ABj4 ||i*(n) < C ME|A.B?. |J 2 < Cn~ 11H by (B.l) and the Gaussian moments formula. 
Thus, we have 



[rrfj-l 

P lim E « (3'( B i) +V(^i) +.g'(i?2±i)) ABi = /(Bt) - /(0), 

3=0 

when iJ > 1/10, and Proposition 3.1.C is proved. D 

As a converse to Proposition 3.1.C (and parts (a), (b) and (d) by similar computation), let g(x) 
f(x) be a polynomial such that g 1 - 5 ^ = f^ = 1. Then 



^(t) = /(BL-j)-/(0) + — - J] AS 



By Theorem 10 of Nualart and Ortiz-Latorre [TU], the sequence (-Bt, J^"o AB 5 , j converges in 
distribution to (B t ,W), where W is a Gaussian random variable, independent of B. It follows that 
Sn(t) does not, in general, converge in probability when H < 1/10. For the critical case H = 1/10, we 
have the following theorem, which generalizes the result of Theorem 10 of [TU] for this particular value 
of H. 

3.2 Main result: fBm with H = 1/10. 

Throughout the rest of this paper, we will assume that / : R — > R is a C°° function, such that / and all 
derivatives satisfy moderate growth conditions. Note that this implies E sup t£ r 0T i |/w(B t )| < oo 
for all n = 0, 1, 2, . . . and 1 < p < oo. 



Theorem 3.3. Let f : R — > R be a C°° function such that f and its derivatives have moderate growth 
conditions, and let {B tl t > 0} be a fractional Brownian motion with H = 1/10. For t > and integers 
n > 2, Define 

[nij-l 

S n(t)= E g(/'(^)+ 4 /'((^+B 2 ±i)/2)+/'(i? 2 ± i ))(s 2 ±i-S i ). 

3=0 

Then as n — > oo 

(B t ,S s n (t)) A ^B t J(B t )~f(0) + ¥ -^J*f^(B s ) dW s ^j , 
where W = {Wt,t > 0} is a Brownian motion, independent of B, and 

(3= V(5!)2- 5 k 5 + 75k 3 , for K 5 = ^ ((p + 1)* - 2p? + (p- 1)*) , and 



pez 

«3 = E ((p + *)* - 2 ^ + (p - *)* 

pGZ 

/(B t ) = /(0) + jT* /'(£.) d s B s - ^A_ jf* /(«)(£,) dW / s 
where L f'(B s ) d B s denotes the weak limit of the 'Simpson's rule' sum S^(t). 
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The rest of this section is given to proof of Theorem 3.3, and follows in Sections 3.3 - 3.5. Following 
the telescoping series argument given in the proof of Proposition 3.1.C (see (|14[1 ). we can write 



[ntj— 1 



f(B t )-f(0) = S s n (t)--±- £ f^(B t )ABl-A 7 £ f i7) (B ± )ABl-A 9 £ f^{B ± )AB\ 



3=0 



[ntj-l 

E 

3=0 



[ntj-l 

E 

.7=0 



6(7!) ^ 



[ntj-l „AB 



J=0 



^/„ 



(/ (11) (0 + / (n) (^)) « 8 (ABi - U ) 2 rf U + (f(B t ) - /(Bm)) . 



As in the proof of Proposition 3.1.C, for H = 1/10 it follows from Lemma 3.2 that the terms including 
At, Ag and the integral term all tend to zero in L 2 (£l) asn-> oo, and the term (f(B t ) — f(B\ nt \/ n )) 
also tends to zero ucp as n — > oo. The main task to prove Theorem 3.3, then, is to show convergence 
in law of the error term 

[ntj-l 

£ / (5) (Si)AS|. (15) 

3=0 



3.3 Malliavin calculus representation. 

In order to apply our convergence theorem (Theorem 2.3), we wish to find a Malliavin calculus repre- 
sentation for the term (fTST) . Consider the Hermite polynomial identity H 5 (x) — x 5 — 10H 3 (x) — 15x. 
Taking x = AB j/n /\\AB j/n \\ L 2^ = n H AB j/n , we have 



n 5H AB\ = H 5 (n H AB ± ) + 10H 3 (n H AB ± ) + l5n H ABj_ 



Using (|5J|, this gives 



[ntj— 1 \nt\-l 

£ / (5) (^i)ABl= J2 f i5) (Bj_)6 5 (df) 

3=0 ' 3=0 

[ntj-l 



[ntj-l 



10n 



-2H 



£ f^(Bj_)6 3 (df 3 ) + 15n- 4H J2 / (5) (^)AB,. 

3=0 3=0 



We first show that the last term tends to zero in L 1 ^). 

Lemma 3.4. Under the assumptions of Theorem 3.3, there is a constant C > such that 

2" 

[ntj-l \ 

— AM X - ^ .f5WK \ a ,-, I 

n 



E 



[ntj-l 

M E / (5) (^) AB i 

3=0 



< Cn- 2H . 



Proof. We start with a 2-sided Taylor expansion of f^ of order 7. That is, 



/ (4) (s^i)-/ (4) (^) = E 



6 f(4+t)(Bj) f(W(t.\ 



( = 1 



2^! 



-AB< 



2 7 7! 



ABi 



and 



;(4) ( 5 . j _ /( 4) (jB . } = £ 1, " AM + L^AM 



2 e e\ 



2 7 7! 
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for some intermediate values £j, rjj between Bj/ n and B(j+i)/ n - Adding the above equations, we obtain 

fW(Bi) f (9) (Bi) 

/ (4) (S^i) - / (4) (Bi) = f {5 \B 1 )AB i + -L^LabI + i_A_^AB| 



24 



2 4 5! 



Q^SW , (16) 



It follows that we can write 



E 



[ntj-l 



<4I 



[ntj-l 



4E 



-4ff 



L^-i /( 7) (jBi) 



j=o 



24 



-AB| 



-4E 



-4J? 



L«^i/(9)(Bi) 



3=0 



2 4 5! 



-AB| 



4E 



J=0 



-4H 



2 7 7! 



By growth assumptions on .p 4 -*, 

[ntj-l 



n- 4H ]T [f {4) ( B i±-)-f {4 \ B i 

3=0 



n- SH E 



/ (4) (£l-j)-/ (4) (0) 



< Cn- 8ff . 



By Lemma 3.2, 



E 



-4H 



^f^HBi) 



3=0 



24 



-AS1 



and 



Then by (B.l), 



-AH 



^f^(Bi) 



3=0 



2 4 5! 



-AS 5 



<C sup ||/^(Bi)||^, 2 Ln*Jn- 14H , 

o<?"<L«*J 



<C sup ||/ (9) (Bi)||^o, 2 L^Jn- 18H . 

o<?<L«*J 



E 






-4H 



2 7 7! 



< C E 



sup 
se[o,t] 



/ (11) (S S ) 4 



[ntj-l 

■- SJ/ ' £ ||ABl|| L 4 (0) ] <CLnij 

j=0 



2 n- 22H < Cn- 2if . 



This proves the lemma. 

Lemma 3.4 shows that only the terms 

\nt\-l 



U 



E f {5) (Bj_)6 5 (df)+Wn- 2H ]T f {5) (Bj_)6 3 (df) 



3=0 



LntJ-1 

E 

3=0 
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are significant. Using Lemma 2.1. a, we can write the first term as 

[wtj-l 5 /rX \nt\-l 

5^ 



E * 5 (/ (6) (5i)flf)+x;r) £ s 5 - r (/ (5+r) (%)df (5 - r) )(ex,9x)^ 



j=0 r=l x 7 j=0 

By Lemma 2.1.C and (B.l), we have the estimate 



<C 



L 2 (0) 



It follows that for r = 1, . . . , 5, we can use Lemma 2.6.b 

[ntj-l 

E 

j=0 



< Cri^- 5 )^. 



E 



lhb\ — _L 

£ s ( 5 - r) (^(B^df 5 -^) (ej_,d i 



\nt\-l 



-^ \ -' -/?, - 

3=0 



By a similar computation, 

[ntj-l 



10n- 2ff E / (5) (^)^ 3 (9f) = 10n- 2H E ^ (/ (5) ( B i)^f 



j=o 



\nt\-l 

E 



ion- 2ff E E <5(3_r) f/ (5+r) (5 i )af (3 - r) (ei,^ 



r=l x ' .7=0 



» / i} 



where 



-2H, 



\nt\-l 



E( 3 ) E ^ (3 - r) (/ (5+r) (%)9! (3 - r) )(^>^) r 



< Cn' 4H . 



Therefore, we define 

[ntj-l 



\nt\-l 



F„:= E <5 5 (/( 5 >(£^)df)=5 5 K), where u n = E / (5) (^i)3f; and 



j=o 



i=o 



[ntj-l 



\nt\-l 



G n :=10n- 2H E <5 3 (/ (5) (^i)af) =6 3 (v n ), where v n = Wn~ 2H E f (5) (Bj_)df. 



3=0 



3=0 



It follows that for large n, the term (|T51) may be represented as F n + G n + e„, where e„ — > in L 1 ^!). 
Then, as introduced in Remark 2.5, we will work with the vector sequence (F n , G n ). 



3.4 Conditions of Theorem 2.3. 

Our main task in this step is to show that the sequence of random vectors (F n ,G n ) satisfies the 
conditions of Theorem 2.3. The first condition is that (F n , G n ) is bounded in L 1 (51). In fact, we have 
a stronger result that will also be helpful with later conditions. 
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Lemma 3.5. Fix real numbers < t < T and p > 2, and integer n > 2. Let <f> : K — > R be a C c 
function such that <fi and all its derivatives have moderate growth. For integer 1 < q < 5, define 



[ntj-l 

w n = J2 4>(Bj.)df 

3=0 



Then for integers < a < 5, there exists a constant c qa such that 



\\D a 5 q {w n )\\ 2 LP(n .^ a) <c q , a sup <j>(B L ) \nt\n- 2qH < Cn l - 2qH . 



In particular, 



\D *n|lz,P(f2;£®») + ll-O ( ^nllLP(a;i5» c ') 



<C. 



(17) 



Proof. This proof follows a similar result in [BJ, see Theorem 5.2. First, note that by Lemma 2.6.C and 
growth conditions on </>, for each integer b > 0, 



D"w. 



™Hi5®9 + b 



[ntj-l 
3=0 



$j®q+b 



< sup 

o<i<L«*J 



^(Bi) 



sup 
o<i,fe<L«*J 



£ j_ 3 £ k 



\nt\-l 



H \\ 9 i' di r 

j,k=0 



< C[nt\n- 2qH sup </> (6) (£i) 
o<j<L"*J 



It follows that for p > 2, 



sup 
o<j<h*J 



Then, using the Meyer inequality (see [BJ, Proposition 1.5.7), 
II^KOIlL^^) < P 9 K)||jU < C[nt\n-^ H sup 



(b) (^) 



For (fl7|) , we have 






0<i<LntJ 



-10H 



(Si 



D? + a,p(^9) 



< C[nt\n- 2qH . 



(18) 



lip(0;fl®») = ll- ^ ( u ™)IL P (n ; i5®») <CLn*Jn ' Mip 



o<j<L«tJ 



/ (5) (Si) 



}5 + o,p^®5) 



<c, 



and 



\D a G. 



-WH 



n\\LP(n:f,®«) = \\ n D<lS ( U n)\\LP(n-Si®°) - C l nt \ n SU P 

^ ' 0<j<\nt\ 



r } {B ± ) 



D3 + a,p(jj®3) 



<c. 



n 



The fact that (F n ,G n ) is bounded in i 1 (ri) follows by taking a = 0. Next, we consider condition 
(a) of Theorem 2.3. 

Lemma 3.6. Under the assumptions of Theorem 3.3, (F n ,G n ) satisfies condition (a) of Theorem 2.3. 
That is, we have 
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(a) For arbitrary h E ft® 5 and g £ i}® 3 , 

lim E|(u„,/i) i , 8S | = lim E \(v n ,g)^ 3 \ = 0. 



and ft e ^®5-(«i+-+«r) ; and lim^ooE |<u„,®- =1 ^F„ ®[ =s+1 £> 6 *G n g)^ 3 
bi<3,l<h + --- + b r <3, and g £ ^-(b 1+ -+b r ) _ 



7 where < a^ < 5, 1 < ai + • • • + a r < 5, 

= 0, where < 



(c) lim^ooE («n,®: =1 ^F„(g)[ =s+1 ^G n ) j . 85 
and 



0, where r > 2, < a, < 5 anda\ + - ■ -+a r = 5; 



0, where r > 2, < 6^ < 3 and &i + • • • + b r = 3. 



The proof of this lemma is deferred to Section 4 due to its length. To verify condition (b) of Theorem 
2.3, we have four terms to consider: 

• {u n ,D 5 G n )^ 5 

• («„,Z> 3 F n ) flgl 3 

• (u n ,D 5 F n )^ 5 

• (v n ,D 3 G n ) f)m 

We deal with the first two terms in the following lemma. The proof is given in Section 4. 
Lemma 3.7. Under the assumptions of Theorem 3.3, we have 



(a) lim^coE (u„, D 5 G n ) fl8E 

(b) lim„^ 00 E (v n ,D 3 F n ) s . m 



= 
= 0. 



This leaves the variance terms. Lemma 2.1.b allows us to write 

LntJ-l 

(u n ,D 5 F n )^ 5 = ]T (/ (5) (Si)9f,£> 5 ^ 5 (/ (5) (^)al 



\/'< 



j,k=0 
4 /KX 2 {ntj-1 

z=0 v 7 j,fe=0 



If- J — ± 

E (/ (5) (^)af 5 , s 5 -* (/( 10 -*)(BA)a| 6 -«) af 



.?f 5 - z 



[ntj-l 

5! ]T (/ (5) (Bi)9f,/ (5) (Bi)af 

j,fe=0 



We first deal with the case < z < 4. We have 

[ntj-l 

/ (5) (^) 



5<85 — z 



< C sup 

0<j<[ntj 



sup 

L 2 (£i) Q<k<[nt 



L 2 (Q) 



S 5-z (j(^- z ){B K )df- z \ 

|n.tj-l 



j,k=0 



5-z 
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By (B.l) and Lemma 2.1.C, we have 



sup 

0<fc<|ra*J 



S 5 ~ z (/ (1 °- z) (B|)af 5 - z ")| 2 <C||9_L|||- z <Cn-( 5 - 2 ^, 
so for the case z — 0, we have 



sup 
o<j<|nt| 



f (i,, (Bi) 



sup 

L 2 (Q) 0<fc<|ratj 



S 5-z (f( 10 ~z\B±)df 5 - 



[ntj-l 

x E 

i,fc=0 



dj_,dk) (dj_,E) 

n / ft \ n n / ft 



L 2 (Q) 

5-2 



< Cn sup < sup 

o<j<L«tJ [*e[o,t] 

By (B.4) and Lemma 2. 6. a, respectively, 

4 



9 j ,e, 



)|nij— 1 \nt\-l 

V] Sup V" ( #!.,££ 

fe =o o<fc<L"*J ,-=0 lx " " 



sup < sup 

o<j<Lntj [«e[o,t] 

so this gives 

Cn~ 5H sup < sup 
o<i<L«*J |sG[o,t] 



dj_ , e. 



|ni|-l 
E 



< Cn 8 and sup > (<9i,£_fc) 



<c, 



dj_ , e. 



[ntj-l 



[ntj-l 



Y sup V (fli,e A ) <CL^Jn- 13i/ <Cn- 3H . 
IS «<fe<L«*J p^ IX " " /fl 



If 1 < z < 4, then by (B.l), (B.4) and Lemma 2.6.C we have an upper bound of 

[ntj-l 



sup 
o<j<L"*J 



/ (5) (^i) 



sup 

£ 2 (f2) 0</c<|niJ 



^5-, (f(™-*)(B*)df- Z ) 2 £ 

V re ' Jj (12) . . 



j,k=0 



d±,dk) (d±,ek) 

ft \ n n I fj 



< C\\di 



|5-a 



sup < sup 

o<i<|n*J l«e[o,t] 



9i , e f 



5-z 



[ntj— 1 
j,k=0 



because z < 5. It follows that the term corresponding to each z = 0, . . . ,4 vanishes in 1/(0,), and we 
have that only the term with z = 5 is significant. For the case z = 5, we use a result from jB], see proof 
of Theorem 5.2. 

[ntj-l 

5! £ (/ (5) (%)5f,/ (5) (Bi)9f 

j,k=0 

[ntj-l 

= 5! J / (5, (Bi)/ (5) (^i) (e AZ^.AZJa 



5! 

2 5 n 10ff 



oo (LntJ-l)A(LntJ-l-p) 



E E / (6) (^)/ (8) (Bi±,) (b+ ii 2H - 2H 2 « + b- 1 



2ff\ 



p=-oo j = (0V— p) 

which (for H = 1/10) converges in L 1 (f2) to 



5!_ 

2^ 



K5 f / (5) (B S ) 2 ds, where k 5 = J2 ( \p + l\i -2\p\i + \p-l\i 
Jo „ c , v 



(19) 



19 



Hence, we have that 



lim (u n ,D 5 F n ) = § K5 f f^(B s ) 2 ds. 



(20) 



3 /„v2 L"*J-1 



j,fc=0 



Similarly, we have 
(»„,U 3 Gf„> iJ8 , = l(i-/ l 

For z = 0, 

I ... 

E (/ (5) (Bi)9f ,* 3 (/ (8) (-§i)9f ) ?| 3 ) 






f)®3 



lOOn 



-4i?T, 



[ntj-l 



j,k=0 



< 100?i~ 4ff sup 



/ w (Si; 



0<j<[nt} 

[nij— 1 [nt\-l 

x E SU P E Udj_, 



sup 

L 2 (n) o<fe<[ntJ 



(/ (8) (^)9f 



sup 

L 2 {n) j. k 



Uj_ ; Sk 



k =o s el°.*] j=o 
<CL7itJn- im <Cn- H . 

For z = 1 or z = 2, by (B.4) and Lemma 2.6.C, 



100 r z!n- 4H E 



[nij-l 



£ (/^(^i)^ 3 .* 8 ""^ 8 "^^)^! 8 "")^!*®^ 



5«3-z 



j,fe=0 

< Cn~ 4H sup ||/ (5) (-Bi) sup 

0<j<[nt] II " i 2 (^) 0<fc<L«tJ 

[ntj-l 
X ^ <5i,9fc 
j,fc=0 

<CLniJn-< 13 - z ' H <Cn- H , 
because z < 2. Then for z = 3, we have 



600n- 4H E (f i5) (B ± )dfj^{B K] a L 

j,k=0 

\nt\-l 



S 3 - z (f {8 - z) (Bi_)df 3 - z ) 



sup 

L 2 (n) jik 



do ,e> 



600 
2 3 n WH 



E / (5) (B i )/ (5) (^)(|j-fc + ir-2b-fc| 2ff + b--fc-l 



2.ff\ 



j,k=0 



(21) 



Similar to (flT))) . this converges in L 1 (fi) to 

75« 3 / f i5) (B s ) 2 ds, where « 3 =y* (|p+l|* -2|p|* +|p-l|* 

Hence, we have that 

lim (v n ,D 3 G n ) = 75k 3 / f (5) (B s ) 2 ds. (22) 

™^°° •" Jo 
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3.5 Proof of Theorem 3.3. 

By Sections 3.3, the term (fT5|) is dominated in probability by ^g(f n + G n ). By the results of Section 
3.4, the vector (F n , G n ) satisfies Theorem 2.3, that is, (F n , G n ) converges stably as n — > oo to a mean- 
zero Gaussian random vector (FoojGoo) with independent components, whose variances are given by 
(|20|) and (|22|) . respectively. It follows that F n + G n converges in distribution to a centered Gaussian 
random variable with variance 

S 2 = |^ 5 ff^B.fda + nm f f^(B s ) 2 ds = (3 2 ffW{B„?ds, 
*> Jo Jo Jo 

where j3 2 — (5!)2 _5 k 5 + 75^3. The result of Theorem 3.3 then follows from the Ito isometry. This 
concludes the proof. 

4 Proof of Technical Lemmas 

4.1 Proof of Lemma 3.2 

To simplify notation, let Yj := cp(B±), Note that by (B.l), we have \\AB±\\ L 2^ 2 - ) — \\d±\\^ = wT H . 
For Hermite polynomials H r (x), r > 1, it can be shown by induction on the relation H q+ i(x) — 
xHq(x) — qHg_i(x) that 

LiJ 

X T = ^ C ( r 'P) H r-2p{x), 

where each C(r,p) is an integer constant. From Section 2.1, we use ([8]) with x = ABj_/\\ABj_\\ L 2^ n ) = 
n H AB j to write 



H, 



(n H ABA = <T (n rH df) 



It follows that 



LiJ LiJ 

n rH AB\ = J2 C{r,p)H r _ 2p (n H AB t ) = ^ C{r,p)5 r ~ 2p (n(r-2 P )H 9 ®r-2 P \ ^ 

r, — n „! — n n 



p=0 



p=0 



which implies 



ij 



AB\ = Y j C{r,p)n- 2 P H 5 r - 2p (df- 2p ) 

p=0 



With this representation for AB r , , we then have 



E 



f \nt\-l 
3=0 

LiJ LntJ-i 

= J2 C{r,p)C{r, P ')n- 2H (P + P'^ ^ E [Y 3 Y k S r - 2p (df r ~ 2p ) <5 r - 2p ' (9f r " V ) 



L§J 



[ntj-l 



- J2 \C{r,p)C(r,p')\n- 2H ^ + P'^J2 \^\Y j Y k 6 r ~ 2p [df- 2p ) 5 r ' 2p ' (df- 



p,p'—0 



j.k=0 



V 



(23) 
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By Lemma 2.1.d, the product 

jr-2p /gtg>r-2p\ jr-2p' f Q®r-2p'\ 

consists of terms of the form 

CS 2r-2( P+P ')-2z f d ®r-2p-z ^ Q®r-2p'-A / d ^ d X 

\ n n / \ n n I S 



(24) 



where z > is an integer satisfying 2r — 2(p + p') — 2z > 0. Using (|24"]) . we can write that (|23| consists 
of nonnegative terms of the form 



\nt\-l 



Cn -2H( P+P ') J2 E YjY k 5 2r - 2{ P + ^- 2z (df r ~ 2p - z ® & 



"-2p-z ~ o,®r-2 P -z 



8i ,8k 



j,k=0 



(25) 



L 2 (Q) 



To address terms of this type, suppose first that z > 1. Lemma 2.1.C implies that 

s 2r-2( P+P ')-2z f d ®r-2p-z ^ Q®r-2p'-z\ < ^ A^ ||J-^»-*||S A ||^ V ^) 

2r-2( P + P ')-2z 

Hence, for z > 1, ([25]) is bounded by 

[nij-l 



<c 



0i 



q -2H(r-p-p' -z) 



Cn~ 2H ^ sup ||l$lk (n) 

o<j<L«tJ 



9. 



2r-2(p+p )-2z 



j,fe=0 



E(9i,3i 



< C SUP ||lj|| D 2r,2 L ni J" 

o<j<L«tJ 



-2rH 



which follows from Lemma 2.6.C. 

On the other hand, for the terms with z = 0, by (fi"0|) we have 



r,r fe <5 2r - 2 (p+p') (a® r ~ 2p ® df r ~ 2p ' 



= e /z? 2r - 2 ^+p')r,r fe , af r ~ 2p ® df r - v \ 



^®2r-2(p + p') 



(26) 



By definition of the Malliavin derivative and Leibniz rule, -D 2r 2 ( p+p ^YjYk consists of terms of the form 
D a Yj (g> D b Yk, where a + b = 2r — 2(p + p'). Without loss of generality, we may assume b > 1. By 
assumptions on </> and the definition of the Malliavin derivative, we know that D h Yk = </>^ b ' ) (-Bfe/„)£? /rl , 
and we know that for each b < 2r, D b Yk E L 2 (ft; Sj® b ) . It follows that we can write, 

E (D a Y ® D b Y k: dT~ 2p <8> d® r ~ 2p ') 

\ S - / fi®a+b 

< C||Y,|| D 2r,2||y fc || D 2r,2 



e±,d± 



£j_,dk 



a — (j> 



(ek,d±) 

\ n n/ft 



£ k_ , Ok_ 



b-iji 



for integers < (j> < a, < ip < b. Without loss of generality, we may assume ip > 1, and by implication 
&> 1. Then using (B.4), 



E ( D a YD b Y k ,df r - 2p <g> a? r ~ 2p ' 



s- n r IIV l|2 -2i?(o+b-l) 

< C sup ||Yj-|| D 2.,2n *• ^ ; 
o<i<L»*J 



(sk,dj_) 

\ n n/j 



Thus, for each pair (a, b), the corresponding term of (|25p is bounded by 

\nt\-l 

Cn -2H(p+ P ') J2 |e [y J -n<5 2r - 2 ^+p') (sf r ~ 2p <g> df- 2p ') 



j,k=0 



[nt\-l 



< Cn -2H (p+P ' + a +b -l) gup || F .||2 2r2 £ /-^o 

0<3<\nt\ , ,. „ ' x " ™ ' * 



[ntj-l 



< Cn -2H( P+ p' +a+ 6-l) sup ||F .n2 2r2 £ /- o 



i,fc=0 



By Lemma 2. 6. a, 



for all < k < [nt\ , so that 



L"'J-i 
£ l(ei^i) I <CLniJ 2ff 7i- 2ff <C 

3=0 " " * 
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[ntj-l ( ["tJ- 1 

Cn - 2ff (p +P ' + a + 5-l) sup ||Fj|| 2 2r2 £ sup £ |/ ?i , 9 , 

0<7<|ntJ k=0 I 0<fc<|_ntj J=0 ' X ™ " 

<c sup ||y J || 2 2 ,, 2 L^jn- 2ff (^'+ a + 6 - 1 ), 

0<j<L«4j 

where p + p' + a + 6— 1 = 2r — (p + p') — 1 > r, since p + p 1 + 1 < 2 [|J + 1 < r, for odd integer r . This 
concludes the proof. 



4.2 Proof of Lemma 3.6. 

For 9 e {0, 2} define 

W „(0)=n- eH £ f {5) (Bj_)df- e ; and $ n (0) = 5 5 - 9 ( W „(0)). 

3=0 " " 

This allows us to write u n — w n (0), F n = $ n (0), v n = 10u>„(2), and G n — 10$„(2). Following Remark 
2.4, we may assume that h e $j® 5 ~ s has the form e tl ® • • • ® £t 5 _ e , for some set of times {t%, . . . , £5-0} 
in [0,T] 5 " 9 . Then for (a), using (B.4) and Lemma 2.6.a, 



E\(w n (9),h)^ s - e \ =n-° H E 



[ntj-l 



E (f (5) (Bl)df- e ,e tl ®---®e ts 



< n- eH E 



3=0 



sup 

se[o,t] 



^,®5 



f {5) (Bs) 



Lntj-15-e 

j=0 fc=l 



< Cn^ 8 "^ < Cr 



-6H 



where the last inequality follows because 9 < 2. 

Next, for (b), consider integers < a^ < 5 — 9, 0<s<r<5 — 0, r > 1 and q, such that s < r, 
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l<ai + --- + a r <5 — 9 and g = 5 — (9 — (oi + ■ ■ ■ + a r ) > 1. We have 



E 



\ t=l t=S+l / jj®5-9 

[rat J - 1 

<n- 0H E ]T 



/ (5) (B i )TT(af a %£> a *F„) TT (df\£> *G. 



i— 1 \i— s+1 

Using (B.l), Lemma 3.5, and Lemma 2. 6. a, this is bounded by 



df q ,h 



fjOSQ 



n~ 9H sup 



o<i<L«tJ 



/ (5) (£i) TTsup af a - nil^ a,F ' 



™HLP(f2;i5® a i) 



2 = 1 



r L«*J-1 

i=s+l j=0 



a? 9 , ft 



^®Q 



< C n -(3+«)* 



where p = r + 1 . 

For (c) , we want to consider terms of the form 



E 



\ »=1 / i5®5-»o 



where Oi £ {0, 2}, 2 < r < 5 — 0q, < a» < 4 — 6>o, and ai + • • • + a r = 5 — #o- For example, the term 

(u„,L> 3 F„®D 2 G„) fl83 

corresponds to the case (0o, Q\, #2) = (0, 0, 2), a\ = 3, 02 = 2. We will show that terms of this type tend 
to zero in L 2 (Vt) asn-> 00. Using the above definitions for w n (6i), $„(0j), we have 



e (w n (e ),Q^D a ^ n (di)) 

[ntj-l L"*]- 1 L"*] -1 / r , 

= n -2H(6 0+ -+e r ) E Y^ J2 J2 lf^{B2.)df- 6 \^D^5 5 - 9i (f { - 5 \B 3 _ ± )df- 6 * 

p,p>=0 jl,...,j r =0ki,...,k r =0 \ i = \ ^ 

By Lemma 2.1.b, 

Applying this to each term, we can expand the inner product 

/ / (5) (%df- 6 \£ ai <5 5 - (?1 (/ (5) (^)^ 5_fll ) • • • (8) £>°^ 5 - 9 - (/ (5) (Bfc)9f- e -)\ 



(27) 



_Q®5-0 






^,®5-6>o 
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into terms of the form 

x(9p,9ji) ( <9p , £ji ) ■■■(dvdir) (dp,£j_ 

\ ™ ~ / fl \ ™ ~/i5 \™ n / J5 \ « n/y, 

where Q = Cg(£i, . . . , £ r ) is an integer constant, each bi = 5 — 0j — ^, and each A^ = 5 + a.; — £j. It 
follows that (|2T|) is a sum of terms of the form 



C e C e ,n- 2H ^- 



[ntj-l 

, x; / (5) (^)/^(%) 

p,p'=0 
'|ni|-l . 

Ji=0 

'\nt\-l 
,... x ,, V ^ (/W(4)9!5) (d sL ,d hl X r (a z ,e\) ar " r ) . (28) 



ai— «i 
ft 



For < ji , . . . , j r < L^iJ we have the estimate 



\nt\-l 

E 

p=0 



dz,dn) (dp, en) •■•(ds.fdfr) (Op^^) 

S} \ " n /fl \ '* « /.ft \ ™ » / J5 



[frtj-l r 

<?EII 



p=0 i=l 



dp,d H ) (dp,£ji 



where X = {0 < ji, ■ ■ ■ ,j r < L 71 *]}- By Lemma 2. 6. a and/or 2.6.C, this is bounded by C?i 2if ' 5 e °) if 
4 + • • • + ir > 1, and bounded by Cnr 2 **®- 9 *- 1 ) = Cn- 2H ^- e ^ if and only if l x = • • • = £ r = 0. 
Hence, we can write 



Lr»tJ-i 
!- U P E 



i,i' 



p,p'— o 



ft \ n n /ft 



< Cn~ AH , 



(29) 



where 471(4 - O ) < A < 4#(5 - <9 ). 

It follows that terms of the form (|2"8]l can be bounded in absolute value by 



\nt\-l 

Cn -2H ( e a+ ... + e r) sup ||/W ( ^)||| 4r+2(n)Sup 53 



o<p<L«*J 

[ntj-l 



1,1' 



p,p'— 



n 



/ ~ \a. r —t' T 

dp,d 31 ) ■ ■ ■ (d P i ,£k r ) 
~ ft \ — " /ft 



\nt\-l 



E ^(/^(%)C') E ^(/ W) (%)<M 

7 ■— ft ^ n / h. ._ r\ \ n / 

Ji— " f2r+l/m ««— U 



L^+^Q) 



L^+^n) 



By (|2"9"|) and Lemma 3.5, this is bounded by 

^| ni |r ri -2if(e + ---+e r )-A_ff- J I f(6 1 +---+fc r +h' 1 +---+6;) 

We have A > 4iJ(4 - 9 ), and 

h + ■ ■ ■ + b r = 5r - [fix + ■ ■ ■ + 9 r ) - (h + ■ ■ ■ + £ r ). 



vr> 



Since £i < a^ for each i, then ^i + ■ • • + £ r < a\ 
2H(6 + ■ 



a r — 5 — (9q, it follows that the exponent 



■f 6 r ) + AH + H(b x + ■ ■ ■ + b r + b[ + ■ ■ ■ + b' r ) 

> 2H(8 Q +... + 6 r ) + 4iJ(4 - 6 ) + H(10r - 2{6 1 + ■■■ + 9 r ) - 2(5 - )) 

> 16H + 10(r - 1)H > lOrH + 6H. 



Hence, we have an upper bound of 



C[nt\ r n- 10rH - 6H < Cn- 6H 



for each term of the form (|2"5)) . so this term tends to zero in L 2 (il), and we have (c). This concludes 
the proof of Lemma 3.6. □ 

4.3 Proof of Lemma 3.7. 

Starting with (a), Lemma 2.1.b gives 



E 



\U n ,D Lr n j q 5 



n- 2H E 



3 /KN /q x [ntj-l 






Efjrk £ (fMiB^af^-'^-^B^af -*)&?< 



£® 5 - J 



<Cn- 2H Y] sup /( 5 »(B 2 ) 

,; =0 0<J<L«*J 



sup 

i2 ( n ) 0<k<[nt] 



5 3 - i (/( 1 °-^(5i)9f- i ) 



L 2 (n) 



[ntj-l 

x E 



d±,dk) (dj_,ek) 



By moderate growth conditions and (jTHJ), we have Z'- 5 -' (S^ ) 
C||<9i||i _ * = Cnr^~ % > H ] so we have terms of the form 



L 2 (H) 



< Cand 



58-*(/(io-<)(B A )^ 



|ni|-l 



dj ,dk) (dj ,£k 



If i > 0, then (B.4) and Lemma 2.6.C give an estimate of 



[nij-l 
j-,fe=0 



dj_,dk) (dj_,Ek) 

J5 \ n n / jj 



[ntj-l 



dj_,dk 



«/a 



«*:}- 



< 



L 2 (0) 



<CL7itJn-( 15 - 3 ^<Cn- 2H , 



because z < 3. On the other hand, if i = 0, then by (B.4) and Lemma 2. 6. a, 



\nt\-l 

Cn- 5H Y, 

j,k=0 



d±,£i 



[ni|— 1 



\nt\-l 



<Cn- 5H V ^ sup V 

fc=0 0<fe<Lntj J=0 



U j , £ k 



<C\nt\n- iatl <Cn 



-3H 



hence (a) is proved. 
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For (b), again using Lemma 2.1.b we can write 



E 



(v n ,D 3 F n ) s 



n- 2H E 



■' /r\ /o\ \nt\-l 



E 



<Cn- 2ff ]TE 



i=0 



[nij-l 






j,k=0 



3-i 

Si 



We deal with three cases. First, assume i — 0. Then we have a bound of 



\nl\-l 

Cn- 2H ]T E|/( 5 )(Bi)<5 5 (/^(Bi)9f J 

j,fc=0 



9 j , £ k 



<CrT 2H sup / (5) (-Bj 
o<j<|nt| 



sup 

L 2 (n) 0<fe<LntJ 
[nt\-l 



S 5 [.f (s) (B±)dt 5 

\nt\-l 



sup 
L 2 (n) jtk 



O j , £ k 



g Lif [M1 g K^>j ^ M »— <«.-, 



where, as above, we use the estimates 
and 



/ (5) (^) 



sup 



L 2 (n) 

[ntj-l \nt\-l 



< C and 



5 5 (fW{Bk)df 



L 2 (n) 



< Cn- 5H ; 



(d±,£k) 22 E (^i' e ^) <C\nt\n 

" k=0 3=0 " 

follows from (B.4) and Lemma 2. 6. a. 

The next case is for i = 1 or i = 2. Using similar estimates we have 



-AH 



\nt\-l 



Cn- 2H J2 E\f^(B ± )S 5 - l ^ s - l \B^dt 5 - 



j,k=0 

<Cn- 2H sup .f {b \B, 

0<j<\nt\ 



d±,dk) (d±,ek) 

Sj \ n n I Sj 



sup 

L 2 (Q.) o<fc<|n*J 



s 5 - 1 (/^-^(Bijaf 6 -*) 



sup 

L 2 {n) j. k 



d L ,E)_ 



3-i 



[ntj-l [ntj-l 

x E E 

fc=0 j=0 



d±,dk 



<C[nt\n-V- l+ ^ H <Cn- H , 



because 7 — i + 6 > 11 for i < 2. 

For the case i = 3, we will use a different estimate, and show that the term with i = 3 vanishes in 
L 2 (il). Using Lemma 2.1.d we have, 



E 



[nij-l 



-1H 



j,k=0 

[nt]-l 



-AH 



E f i5) (B i )6 2 (f^(B^dt 2 )(d i ,d^ 
—o 

itj-i r 

E E / (5) (^)/ (5) (By)5 2 (/ (5) (B,)af 2 )5 2 (/< 5 >(B*)0?, 2 ) (ai.fliV (0^,0*) 

^-* n — \ - / V " — /\nn/«\ n n / 



j,j' ,h,k'=0 

2 ^ 2 



- 4ff e H p ! e e Ui>i')^ 4 - 2p f 5 (fc,fc')0f- p ® 0f- p )l (dk_,d k x (d^dX (d^d,,) 3 , 
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where g(j,j') = f^(JBj_)f^ 5 '(B^). Then by the Malliavin duality (ITU|) . this results in a sum of three 
terms of the form 



Cn~ 4H J2 E 
j,j',k,k' 



D A - 2 Vg{],?),g{k,k>)dT- p ®d®?-v 



£,g)4-2p. 



dk,dki_) (dj_,dk) (841, dy_) 

n I ft \ n »/fl\— n / Si 



for p = 0, 1, 2. When the index p = 0, then E 
of terms of the form 



(D^g(j,f), g(k, k')df~ p a| 2 "^ 



£,®4-2p 

2-6 



^^'%))^ fe ')(^' 9 #)i(^' a #)rfe'%)i(^'^/. 



(30) 

consists 



(31) 



where &(xi,X2) = f^ 5 '(xi)f^ 5 '(x2) and a + b = 4. By moderate growth and (B.4), we see that (|3~Tj) is 
bounded by Cn~ SH , and so for the case p = 0, (13TJ1) is bounded in absolute value by 



Cn- 12H ^ 



d±,dk) (dii,d k i) 

S3 \ IT n/Sj 



= Cn- 12H 



|ni|-l 

E 

j,fc=0 



d±,dk 



2„-24ff s- rt„-4Jl 



<C\nt\ z n-^ H <Cn 



By a similar estimate, when p — 1 , then 



E 



D 2 g{j,j'),g{k,k')d k ®d hL 



f,»2 



< Cn" 4 *, 



so that for p = 1, then (J3T))) is bounded in absolute value by 

Sj \ — " /j5 



j,j',k,k' 



Cn~ 8H V (dk,dy) (d ± ,dk) (d^dy) 

9i ,9 



< Cn~ 8ff sup 
fc,fc' 



n I Si 



\nt\-l 

E 

j,fe=0 



d±,dk 



<C\nt\ 2 n-* 2H <Cn 



-2H 



Last, the term in (J3T)]) with p = 2 has the form 



Cn" 4ff V Et7Cj,/)flf(fc,fc')](flA.Sil) (fli.«A> (^.^ 

j,j ,k,k' 



This is bounded in absolute value by 



Cra -4 " sup 
0<?<|Ml 



4 L«*J-i 2 L«tJ-i 



/< 5 »(B,) V (5 A ,fl*/> E 



L 4 (o) 



fc,fc'=0 



J=0 



d±,dk 



[ntj-l 

E 



d^_,dki_ 



(32) 



By Lemma 2.6.C, for every < k < \nt\ we have 



[ntj— 1 

E 

J'=0 



d±,dk 



< Cn- eH , 



hence (|32j) is bounded by 



Cn 



-16H 



LntJ-l 2 

E (%' 5 ^) <CLniJn" 20ff <Cn" 

fe,fe'=0 ' " 



10H 



Lemma 3.7 is proved. D 
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